



































































Last time Extrema In banded regions
Recol fix continuous on a b has an absolute max and
In Ibsix an abs min on a b

is
we find them by evaluating
F on critical points AND on endpoints93s

D closed set in IR To find abs max min values

i.e contains boundarypts of f on a closed bounded D
bounded set contained in some disk Find values of f at critic
daisy Eestiosed Its I

Find extreme values on

continuous on a closed bended Dark the boundary of D
attains an abs max value Flx Yet largest of D abs ma

and an abs.min.ua ueFlxe y at some smallest of abs min

Joints in D



Lagrange multipliers

Problem

find extreme values of f Xy
5

7 6
here f attains

subject to constraintglx y k a maximum on

fixy eggs off
subject to glay Z1 k

level curves gix.gl k and fix.gl 6

touch at ix Yo
they have the same normal line

Of yol is parallel to V9 XoYo
i e Of xo.jo XPglXo.Yo

a number Lagrange multiplier
Similarly for 3 variables FIX Yo Zo XPglxo.jo Zollevel surfaces of f and g are touching



Method Lagrange multipliers
To find maximum minimum values of f x y Z

subject to constrain g ix y Z K
Find all values of x y Z such that f Xgx

OF x y Z Pg ay Z fy tgy
g IX y Z K Fz Xgz

evaluate f at all points found in a

maximum largest value of f
minimum smallest

3 Similarly for 2 variables

find extreme values of flx.gl x
zy on the circle y 1

Set gix.ly x y 1 constraint

0 09 or Fy gyglx.gl 1



2X 4 0 or 4 1

44
if x o then y't y 1

and Uy day 1 2

if 1 1 then 4y Xzy 4 0

and 44 1 1

We obtain 4 points
10 1 10 11 11,0 1 1,01

710,11 2 710 11 2 711,01 1 fl 1,0 1

So maximum 2

minimum 1 max n level curves

m Ema min



E find extreme values of fix.gl x zy
on the disk xhy 1

Ijn 1 Critical pts
f 2X O

nit.pt
F 0,0 g

fy age

1 91 0,0

2 Extreme values of f on the boundary
from previous example

f 11 0 f f 0 1 1 2

So maximum on D f 0,11 2

minimum on D F 10,01 0



Ex find the points on the sphere x4yh 2 4

closest to farthest from the point P 3,1 1

Lol 1 d 1x 3 1y 11 ItI find extreme values

at where they are attained
2 It is easier to work with d than with d

ix y Z d 1 3 1g 11 12 112 Fix Y Z
L

d

sy WIED extreme values of f subject to
p 13,1 11 g ix g z x yh z 4

3 0 109
gix.y.tl 4

aye 122 411 y y z
man

Ff.mn
X Y E 4 My 2 4

le 1 x 1 1 E



farthest point from P

4 1 1 I ix y z L

I Hx Hg Has 1 t I I D 4 in

1 1 1 9,4 f eE
d 151 2

to P on the sphere


